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When does the steepest line for one saddle hit the other saddle ?

Definition
The Stokes line is a line on x-plane which satisfies

Re S(ξ1(X)) = Re S(ξ2(X))

Definition
The turning point is a point which satisfies

∂S(ξ,X)

∂ξ
=
∂2S(ξ,X)

∂ξ2
= 0

Local analysis around a turning point tells us that three Stokes lines
emanate from a turning point:

Stokes set

Re S(ξ1(X)) = Re S(ξ2(X))

Bifurcation set (caustics)

∂S(ξ,X)

∂ξ
=
∂2S(ξ,X)

∂ξ2
= 0
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Two saddles collide at the turning point

ξ1 ξ3 ξ2

ξ1 ξ3 ξ2

ξ1 ξ3 ξ2

ξ1 ξ3 ξ2

ξ1 ξ3 ξ2

ξ1 ξ3 ξ2
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Airy function

d2 f (z)

dz2
− zf (z) = 0

Ai(z) =
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t3 − zt
]
dt
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2π1/2z1/4

∞∑

n=0

(−1)n cn

ξn
(|argz| < π)

where ξ = 2
3z3/2 and

c0 = 0, cn =
2n

33n

Γ(3n + 1/2)
Γ(2n + 1)Γ(1/2)

(c ≥ 1)
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A subdominant term is added

First tangency
Airy function

d2 f (z)

dz2
− zf (z) = 0

Ai(z) =
1

2πi

∫

C
exp
[1
3

t3 − zt
]
dt

Asymptotic expansion for Airy function

Ai(z) ∼ e−ξ

2π1/2z1/4

∞∑

n=0

(−1)n cn

ξn
(|argz| < π)

where ξ = 2
3z3/2 and

c0 = 0, cn =
2n

33n

Γ(3n + 1/2)
Γ(2n + 1)Γ(1/2)

(c ≥ 1)

θ =
1
2
π θ =

3
4
π

Asymptotic expansion for f (z)

f (z) ∼ a0 +
a1

z
+

a2

z2
+ · · · (z → ∞ in argz < π/2)

Since for any n, znez = 0 as z → ∞

ez ∼ 0 +
0
z
+

0
z2
+ · · · (z → ∞ in argz < π/2)

which implies g(z) = f (z) + const · ez has the same asymptotic
expansion as f (z).

Or equivalently, asymptotic expansions cannot resolve exponentially
small quantities.

z = 3 z = 5 z = 7
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G.G. Stokes, On the discontinuities of arbitrary constants that appear as multipliers of
semi-convergent series, Acta. Math., 26 (1902) 398-397, reprinted in Mathematical and
Physical Papers by the later Sir George Gabriel Stokes, Cambridge University Press,
1905 Vol. V, p.283-287
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Recent development of asymptotic analysis based on
the Borel resummation

- Resurgent analysis
Ecalle, Voros, Balian, Pham-Delabaere, Sauzin, · · ·

- Exponential asymptotics
Dingle, Berry-Howls, King, Daalhuis, Olver, · · ·

- Exact WKB analysis
Aoki-Kawai-Takei-Kokie, · · ·

Recent development of asymptotic analysis based on
the Borel resummation

- Resurgent analysis
Ecalle, Voros, Balian, Pham-Delabaere, Sauzin, · · ·

- Exponential asymptotics
Dingle, Berry-Howls, King, Daalhuis, Olver, · · ·

- Exact WKB analysis
Sato-Aoki-Kawai-Koike-Takei, · · ·
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Borel resummation method — an example —

Euler equation

−
df (z)

dz
+ f (z) =

1
z

Formal power series solution

f (z) =
∞∑

n=0

(−1)nn!
zn+1

Since
n!

zn+1
=

∫ ∞

0
ζne−zζdζ

then the Borel transform (=inverse Laplace transform) of f (x)

fB(ζ) =
∞∑

n=0

(−1)nζn =
1

1 + ζ

Borel sum of f (z)

f (z) =
∫ ∞

0
exp
(−zζ

)
fB(ζ)dζ =

∫ ∞

0

e−zζ

1 + ζ
dζ

Borel resummation method — an example —

Euler equation

−
df (z)

dz
+ f (z) =

1
z

Formal power series solution

f (z) =
∞∑

n=0

(−1)nn!
zn+1

Laplace transform

Lζn ≡
∫ ∞

0
ζne−zζdζ =

n!
zn+1

⇒ L−1 n!
zn+1

= ζn

Borel transform (=inverse Laplace transform) of f (x)

fB(ζ) ≡ L−1 f (z) = L−1
∞∑

n=0

(−1)nn!
zn+1

=
∞∑

n=0

(−1)nζn =
1

1 + ζ

Borel sum of f (z)

f (z) = L fB(ζ) =
∫ ∞

0
fB(ζ)e−zζdζ =

∫ ∞

0

e−zζ

1 + ζ
dζ
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When does the steepest line for one saddle hit the other saddle ?

Definition
The Stokes line is a line on x-plane which satisfies

Re S(ξ1(X)) = Re S(ξ2(X))

Definition
The turning point is a point which satisfies

∂S(ξ,X)

∂ξ
=
∂2S(ξ,X)

∂ξ2
= 0

Local analysis around a turning point tells us that three Stokes lines
emanate from one turning point:

Stokes set

Re S(ξ1(X)) = Re S(ξ2(X))

Bifurcation set (caustics)

∂S(ξ,X)

∂ξ
=
∂2S(ξ,X)

∂ξ2
= 0

Much less trivial example — Cusp —

S(ξ; x, y) =
1
4
ξ4 +

1
2

yξ2 + xξ

Much less trivial example — Cusp —

S(ξ; x, y) =
1
4
ξ4 +

1
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“The Stokes set of the cusp diffraction catastrphe”
FJ. Wright J.Phys.A 13 (1980) 2913
FJ. Wright J.Phys.A 13 (1980) 2913
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Find the turning points using the condition
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= 0

where

S(ξ; x, y) =
1

4
ξ4 +

1

2
yξ2 + xξ

For a fixed x = x0, we have two turning points on y plane :

O1 = (x0, y1), O2 = (x0, y2)

Re y Im y x = 5.0
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For each turning point Oi (i = 1, 2), find the Stokes lines emanating from it,

using the condition

Re S(ξα(X)) = Re S(ξβ(X)) (α != β)

Note, for example, O1 is the turning point associated with ξ1 and ξ2

O2 associated with ξ2 and ξ3

Re S(ξ1) = Re S(ξ2)

Re S(ξ2) = Re S(ξ3)
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Re S(ξα(X)) = Re S(ξβ(X)) (α != β)

Note, for example, O1 is the turning point associated with ξ1 and ξ2

O2 associated with ξ2 and ξ3

, but why not between ξ1 and ξ3?

Re S(ξ1) = Re S(ξ2)

Re S(ξ2) = Re S(ξ3)

There should also exist the Stokes curve between ξ1 and ξ3 satisfying

Re S(ξ1(X)) = Re S(ξ3(X))

Re S(ξ1) = Re S(ξ3)

The new Stokes curve, not noticed in the theory of asymptotic expansions

until Berk-Nevins-Roberts(1982) and Aoki-Kawai-Takei(1994)
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Find the turning points using the conditions

∂S(ξ,X)

∂ξ
=
∂2S(ξ,X)

∂ξ2
= 0

where
S(ξ; x, y) =

1
4
ξ4 +

1
2

yξ2 + xξ

For a fixed x = x0, we have two turning points on y plane :
O1 = (x0, y1),O2 = (x0, y2)

Re x Im x y = 5.0

For each turning point Oi (i = 1, 2), find the Stokes lines emanating from it,
using the condition

Re S(ξα(X)) = Re S(ξβ(X)) (α ! β)

Note, for example, O1 is the turning point associated with ξ1 and ξ2

O2 associated with ξ2 and ξ3

, but why not between ξ1 and ξ3?

Re S(ξ1) = Re S(ξ2)

Re S(ξ2) = Re S(ξ3)

There should also exist the Stokes curve between ξ1 and ξ3 satisfying

Re S(ξ1(X)) = Re S(ξ3(X))

Re S(ξ1) = Re S(ξ3)

The new Stokes curve, not noticed in the theory of asymptotic expansions
until Berk-Nevins-Roberts(1982) and Aoki-Kawai-Takei(1994)
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Find the turning points using the conditions
∂S(ξ,X)

∂ξ
=
∂2S(ξ,X)

∂ξ2
= 0

where
S(ξ; x, y) =

1
4
ξ4 +

1
2

yξ2 + xξ

For a fixed x = x0, we have two turning points on y plane :
O1 = (x0, y1),O2 = (x0, y2)

Re x Im x y = 5.0

For each turning point Oi (i = 1, 2), find the Stokes lines emanating from it,
using the condition

Re S(ξα(X)) = Re S(ξβ(X)) (α ! β)

Note, for example, O1 is the turning point associated with ξ1 and ξ2

O2 associated with ξ2 and ξ3

, but why not between ξ1 and ξ3?

Re S(ξ1) = Re S(ξ2)

Re S(ξ2) = Re S(ξ3)

There should also exist the Stokes curve between ξ1 and ξ3 satisfying

Re S(ξ1(X)) = Re S(ξ3(X))

Re S(ξ1) = Re S(ξ3)

The new Stokes curve, not noticed in the theory of asymptotic expansions
until Berk-Nevins-Roberts(1982) and Aoki-Kawai-Takei(1994)
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Pruning theory of the Stokes geometry

Akira Shudo

Department of Physics, Tokyo Metropolitan University

Outline

1. Saddle point method and the Stokes phenomenon

2. The cases with more than two saddles

3. Virtual turning and new Stokes curves

4. An idea of pruning theory of the Stokes geometry

5. Cancellation of saddle point contributions due to global correlation
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Univaluedness
not satisfied ...

Why does the Stokes connection occur on one side,
but not on the other side ?

Why does the Stokes connection occur on one side,
but not on the other side ?

Decompose the integral into a sum over saddles

I(k,X) =
∑

i

∫

Ci

dξ exp
[
ikS(ξ,X)

]

=
∑

i

Ii(k,X)

Ci : steepest descent line passing through
the saddle ξi

Why does the Stokes connection occur on one side,
but not on the other side ?
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ξ1 < ξ2 ξ2 < ξ3

Why does the Stokes connection occur on one side,
but not on the other side ?

Decompose the integral into a sum over saddles

I(k,X) =
∑

i

∫

Ci

dξ exp
[
ikS(ξ,X)

]

=
∑

i

Ii(k,X)

Ci : steepest descent line passing through
the saddle ξi

ξ1 < ξ2 ξ2 < ξ3

1 2 3

I3 −→ I3 + σ2I2 −→ I3 + σ2(I2 + σ1I1)

I3 −→ I3 −→ I3 + σ2I2

I3 −→ I3 −→ I3 + σ′1I1 −→ I3 + σ2I2 + σ′1I1

I3 −→ I3 + σ2I2 −→ I3 + σ2I2 −→ I3 + σ2(I2 + σ1I1)

I3 −→ I3 −→ −→ I3 + σ2I2

I3 −→ I3 + σ2I2 −→ −→ I3 + σ2I2 + σ1I1

σ1σ2 = σ′1

I3 −→ I3 + σ2I2 −→ I3 + σ2(I2 + σ1I1)

I3 −→ I3 −→ I3 + σ2I2

I3 −→ I3 −→ I3 + σ′1I1 −→ I3 + σ2I2 + σ′1I1

I3 −→ I3 + σ2I2 −→ I3 + σ2I2 −→ I3 + σ2(I2 + σ1I1)

I3 −→ I3 −→ −→ I3 + σ2I2

I3 −→ I3 + σ2I2 −→ −→ I3 + σ2I2 + σ1I1

σ1σ2 = σ′1

3 4

I3 −→ I3 + σ2I2 −→ I3 + σ2(I2 + σ1I1)

I3 −→ I3 −→ I3 + σ2I2

I3 −→ I3 −→ I3 + σ′1I1 −→ I3 + σ2I2 + σ′1I1

I3 −→ I3 + σ2I2 −→ I3 + σ2I2 −→ I3 + σ2(I2 + σ1I1)

I3 −→ I3 −→ −→ I3 + σ2I2

I3 −→ I3 + σ2I2 −→ −→ I3 + σ2(I2 + σ1I1)

σ1σ2 = σ′1

2011年7月19日火曜日



1 3
2

5
64

Univaluedness 
recovered if

1 2 3

4 5 5
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Ci : steepest descent line passing through
the saddle ξi

ξ1 < ξ2 ξ2 < ξ3 ξ1 < ξ3

I3 −→ I3 + σ2I2 −→ I3 + σ2(I2 + σ1I1)

I3 −→ I3 −→ I3 + σ2I2

I3 −→ I3 −→ I3 + σ′1I1 −→ I3 + σ2I2 + σ′1I1

I3 −→ I3 + σ2I2 −→ I3 + σ2I2 −→ I3 + σ2(I2 + σ1I1)

I3 −→ I3 −→ −→ I3 + σ2I2

I3 −→ I3 + σ2I2 −→ −→ I3 + σ2I2 + σ1I1

σ1σ2 = σ′1
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Two saddles collide at the turning point

ξ1 ξ3 ξ2

ξ1 ξ3 ξ2

From where does the new Stokes curve emanate ?
— Ordinary turning point case —

Ordinary turning point case

Ordinary turning point case

Two saddles ξ1 and ξ2 collide

at the turning point

Re S(ξ1) = Re S(ξ3)

Im S(ξ1) = Im S(ξ3)

Re S(ξ1) = Re S(ξ2)

Im S(ξ1) = Im S(ξ2)

Re S = const. contours

Im S = const. contours

Complete Stokes geometry for cusp diffraction catastrophe (y=5)

but why not between ξ1 and ξ3 ?

Ordinary turning point case

Two saddles ξ1 and ξ2 collide

at the turning point

Re S(ξ1) = Re S(ξ3)

Im S(ξ1) = Im S(ξ3)

Re S(ξ1) = Re S(ξ2)

Im S(ξ1) = Im S(ξ2)

Re S = const. contours

Im S = const. contours

Complete Stokes geometry for cusp diffraction catastrophe (y=5)

but why not between ξ1 and ξ3 ?
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Ordinary turning point case

Two saddles ξ1 and ξ2 collide

at the turning point

Re S(ξ1) = Re S(ξ3)

Im S(ξ1) = Im S(ξ3)

but why not between ξ1 and ξ3 ?

Ordinary turning point case

Two saddles ξ1 and ξ2 collide

at the turning point

Re S(ξ1) = Re S(ξ3)

Im S(ξ1) = Im S(ξ3)

but why not between ξ1 and ξ3 ?

Virtual turning point (Aoki-Kawai-Takei 1992)

ξ1 ξ3ξ1 ξ3 ξ1 ξ3ξ1 ξ3

From where does the new Stokes curve emanate ?
— Ordinary turning point case —

Ordinary turning point case
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The virtual turning point as the self-intersection point
of bicharacteristic curves

Definition (Aoki-Kawai-Takei) The virtual turning point is a self-intersection
point of the projection of a bicharacteristic strip ( = solution curves of the
bicharacteristic equation ) onto (x, y) plane.

- ordinary turning points:
x′(t) = y′(t) = 0 at t = t0

- virtual turning points:
x(t) = x(s) and y(s) = y(t) at t ! s
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Higher-order differential equations and its Borel transform

m-th order differential eq.

Hψ = 0 where H =
∑

0≤i≤m,0≤j≤n

aijxjkm−i
( d

dx

)i

Its Borel transform

HBψB = 0 where HB =
∑

0≤i≤m,0≤ j≤n

aij
∂m−j

∂ym− j

(
− ∂
∂ξ

j)
ξi

where ψB is the Borel transform of ψ.

Let PB the principal symbol for the operator HB. Then the bicharacteristic equa-
tions for HB ( = Hamilton-Jacobi equation ) are written as

dx
dt
=
∂PB

∂ξ
,

dξ
dt
= −∂PB

∂x
,

dy

dt
=
∂PB

∂k
,

dk
dt
= −∂PB

∂y
, PB(x, ξ, η) = 0
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A recipe for finding a complete Stokes geometry
A recipe for finding a complete Stokes geometry

step1 Find all the ordinary turning points.

step2 Draw the ordinary Stokes lines
emanating from them.

step3 Find intersection points between
ordinary Stokes lines.

step4 For each intersection point, find
a virtual turning point.

step5 Draw new Stokes lines emanat-
ing each virtual turning point.

step6 Determine the nature of connec-
tion around each crossing point by
checking the univaluedness condi-
tion.

step7 Find intersection points between
Stokes lines emanating from 1-st
order and those from 0-th order
turning points.

step8 Repeat this procedure until rel-
evant Stokes lines do not appear. O1 O1

O1

O1

V1

V1

V2
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Model for nonadiabatic transition

Time-dependent multi-level problem

i!
d
dt
ψ = H(t)ψ

H(t) =




ρ1(t) c12 c13

c12 ρ2(t) c23

c31 c32 ρ3(t)




(ρj(t) : polynomial, cmn : constant)

Generalized Landau-Zener (Aoki-Kawai-Takei 2002)

i) ρ1(t) = b1t + a, ρ2(t) = b2t, ρ3(t) = b3t

ii) ρ1(t) = 1, ρ2(t) =
t
2
, ρ3(t) = t2 + c

where (ρ1 − ρ2)(ρ2 − ρ3)(ρ3 − ρ1) = 0 has only real
and simple zeros.

Model for nonadiabatic transition phenomena

Time-dependent 2-level problem (Landau-Zener)

i!
d
dt
ψ = H(t)ψ

H(t) =
(
ρ1(t) c12
c12 ρ2(t)

)
(ρ j(t) : polynomial, cmn : constant )

i!
d
dt
ψ = H(t)ψ

H(t) =




ρ1(t) c12 c13
c12 ρ2(t) c23
c31 c32 ρ3(t)


 (ρ j(t) : polynomial, cmn : constant )

Model for nonadiabatic transition

Time-dependent multi-level problem

i!
d
dt
ψ = H(t)ψ

H(t) =




ρ1(t) c12 c13

c12 ρ2(t) c23

c31 c32 ρ3(t)




(ρj(t) : polynomial, cmn : constant)

Generalized Landau-Zener (Aoki-Kawai-Takei 2002)

i) ρ1(t) = b1t + a, ρ2(t) = b2t, ρ3(t) = b3t

ii) ρ1(t) = 1, ρ2(t) =
t
2
, ρ3(t) = t2 + c

where (ρ1 − ρ2)(ρ2 − ρ3)(ρ3 − ρ1) = 0 has only real
and simple zeros.

Model for nonadiabatic transition phenomena

Time-dependent 2-level problem (Landau-Zener)

i!
d
dt

(
ψ1
ψ2

)
=

(
ρ1(t) c12
c12 ρ2(t)

) (
ψ1
ψ2

)

H(t) =
(
ρ1(t) c12
c12 ρ2(t)

)

ρ1(t) = b1t + a, ρ2(t) = b2t (b1 < b2)

Model for nonadiabatic transition

Time-dependent multi-level problem

i!
d
dt
ψ = H(t)ψ

H(t) =




ρ1(t) c12 c13

c12 ρ2(t) c23

c31 c32 ρ3(t)




(ρj(t) : polynomial, cmn : constant)

Generalized Landau-Zener (Aoki-Kawai-Takei 2002)

i) ρ1(t) = b1t + a, ρ2(t) = b2t, ρ3(t) = b3t

ii) ρ1(t) = 1, ρ2(t) =
t
2
, ρ3(t) = t2 + c

where (ρ1 − ρ2)(ρ2 − ρ3)(ρ3 − ρ1) = 0 has only real
and simple zeros.

Model for nonadiabatic transition phenomena

Time-dependent 2-level problem (Landau-Zener)

i!
d
dt

(
ψ1
ψ2

)
=

(
ρ1(t) c12
c12 ρ2(t)

) (
ψ1
ψ2

)

H(t) =
(
ρ1(t) c12
c12 ρ2(t)

)

ρ1(t) = b1t + a, ρ2(t) = b2t, c12 = const.

i!
d
dt




ψ1
ψ2
ψ3


 =




ρ1(t) c12 c13
c12 ρ2(t) c23
c31 c32 ρ3(t)







ψ1
ψ2
ψ3




H(t) =




ρ1(t) c12 c13
c12 ρ2(t) c23
c31 c32 ρ3(t)


 (ρ j(t) : polynomial, cmn : constant )

Time-dependent multi-level problem (Aoki-Kawai-Takei)

i!
d
dt
ψ = H(t)ψ

H(t) =




ρ1(t) c12 c13
c12 ρ2(t) c23
c31 c32 ρ3(t)


 (ρ j(t) : polynomial, cmn : constant )

Generalized Landau-Zener (Aoki-Kawai-Takei 2002)

i) ρ1(t) = b1t + a, ρ2(t) = b2t, ρ3(t) = b3t

ii) ρ1(t) = 1, ρ2(t) =
t
2
, ρ3(t) = t2 + c

where (ρ1 − ρ2)(ρ2 − ρ3)(ρ3 − ρ1) = 0 has only real
and simple zeros.

i!
d
dt




ψ1
ψ2
ψ3


 =




ρ1(t) c12 c13
c12 ρ2(t) c23
c31 c32 ρ3(t)







ψ1
ψ2
ψ3




H(t) =




ρ1(t) c12 c13
c12 ρ2(t) c23
c31 c32 ρ3(t)


 (ρ j(t) : polynomial, cmn : constant )

Time-dependent multi-level problem (Aoki-Kawai-Takei)

i!
d
dt
ψ = H(t)ψ

H(t) =




ρ1(t) c12 c13
c12 ρ2(t) c23
c31 c32 ρ3(t)


 (ρ j(t) : polynomial, cmn : constant )

Generalized Landau-Zener (Aoki-Kawai-Takei 2002)

i) ρ1(t) = b1t + a, ρ2(t) = b2t, ρ3(t) = b3t

ii) ρ1(t) = 1, ρ2(t) =
t
2
, ρ3(t) = t2 + c

where (ρ1 − ρ2)(ρ2 − ρ3)(ρ3 − ρ1) = 0 has only real
and simple zeros.

i!
d
dt




ψ1
ψ2
ψ3


 =




ρ1(t) c12 c13
c12 ρ2(t) c23
c31 c32 ρ3(t)







ψ1
ψ2
ψ3




H(t) =




ρ1(t) c12 c13
c12 ρ2(t) c23
c31 c32 ρ3(t)


 (ρ j(t) : polynomial, cmn : constant )

Time-dependent multi-level problem (Aoki-Kawai-Takei)

i!
d
dt
ψ = H(t)ψ

H(t) =




ρ1(t) c12 c13
c12 ρ2(t) c23
c31 c32 ρ3(t)


 (ρ j(t) : polynomial, cmn : constant )

Generalized Landau-Zener (Aoki-Kawai-Takei 2002)

i) ρ1(t) = b1t + a, ρ2(t) = b2t, ρ3(t) = b3t

ii) ρ1(t) = 1, ρ2(t) =
t
2
, ρ3(t) = t2 + c

where (ρ1 − ρ2)(ρ2 − ρ3)(ρ3 − ρ1) = 0 has only real
and simple zeros.

Model for nonadiabatic transition

Time-dependent multi-level problem (3-level)

i!
d
dt
ψ = H(t)ψ

H(t) =




ρ1(t) c12 c13

c12 ρ2(t) c23

c31 c32 ρ3(t)




(ρj(t) : polynomial, cmn : constant)

Generalized Landau-Zener (Aoki-Kawai-Takei 2002)

i) ρ1(t) = b1t + a, ρ2(t) = b2t, ρ3(t) = b3t

ii) ρ1(t) = 1, ρ2(t) =
t
2
, ρ3(t) = t2 + c

where (ρ1 − ρ2)(ρ2 − ρ3)(ρ3 − ρ1) = 0 has only real
and simple zeros.

Model for nonadiabatic transition phenomena

Time-dependent multi-level problem (3-level)

i!
d
dt
ψ = H(t)ψ

H(t) =




ρ1(t) c12 c13
c12 ρ2(t) c23
c31 c32 ρ3(t)


 (ρ j(t) : polynomial, cmn : constant )

Generalized Landau-Zener (Aoki-Kawai-Takei 2002)

i) ρ1(t) = b1t + a, ρ2(t) = b2t, ρ3(t) = b3t

ii) ρ1(t) = 1, ρ2(t) =
t
2
, ρ3(t) = t2 + c

where (ρ1 − ρ2)(ρ2 − ρ3)(ρ3 − ρ1) = 0 has only real
and simple zeros.
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Model for nonadiabatic transition phenomena

Time-dependent multi-level problem (3-level)

i!
d
dt
ψ = H(t)ψ

H(t) =




ρ1(t) c12 c13

c12 ρ2(t) c23

c31 c32 ρ3(t)




(ρj(t) : polynomial, cmn : constant)

Generalized Landau-Zener (Aoki-Kawai-Takei 2002)

i) ρ1(t) = b1t + a, ρ2(t) = b2t, ρ3(t) = b3t

ii) ρ1(t) = 1, ρ2(t) =
t
2
, ρ3(t) = t2 + c

where (ρ1 − ρ2)(ρ2 − ρ3)(ρ3 − ρ1) = 0 has only real
and simple zeros.
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Case 1) We can avoid crossing new Stokes curves, but need information on
new Stokes curves and virtual turning points in order to find a connection
path which does not pass any new Stokes curves.

Case 2) We cannot avoid crossing new Stokes curves because of the presence
of a chain of new Stokes curves.

Case 1) We can avoid crossing new Stokes curves, but need information on
new Stokes curves and virtual turning points in order to find a connection path
which does not pass any new Stokes curves.

Case 2) We cannot avoid crossing new Stokes curves because of the presence
of a chain of active new Stokes curves.

Case 1) We can avoid crossing new Stokes curves, but need information on
new Stokes curves and virtual turning points in order to find a connection
path which does not pass any new Stokes curves.

Case 2) We cannot avoid crossing new Stokes curves because of the presence
of a chain of new Stokes curves.

Possible situations where new Stokes play a role

Case 1) We can avoid crossing new Stokes curves, but need information on
new Stokes curves and virtual turning points in order to find a connection path
which does not pass any new Stokes curves.

Case 2) We cannot avoid crossing new Stokes curves because of the presence
of a chain of active new Stokes curves.
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(-2.0000000000e+00,-2.0000000000e+00)-( 2.0000000000e+00, 2.0000000000e+00)

c = 0.0

Model for nonadiabatic transition phenomena

Time-dependent multi-level problem (3-level)

i!
d
dt
ψ = H(t)ψ

H(t) =




ρ1(t) c12 c13

c12 ρ2(t) c23

c31 c32 ρ3(t)




(ρj(t) : polynomial, cmn : constant)

Generalized Landau-Zener (Aoki-Kawai-Takei 2002)

i) ρ1(t) = b1t + a, ρ2(t) = b2t, ρ3(t) = b3t

ii) ρ1(t) = 1, ρ2(t) =
t
2
, ρ3(t) = t2 + c

where (ρ1 − ρ2)(ρ2 − ρ3)(ρ3 − ρ1) = 0 has only real
and simple zeros.
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c = 0.1
(-2.0000000000e+00,-2.0000000000e+00)-( 2.0000000000e+00, 2.0000000000e+00)

Model for nonadiabatic transition phenomena

Time-dependent multi-level problem (3-level)

i!
d
dt
ψ = H(t)ψ

H(t) =




ρ1(t) c12 c13

c12 ρ2(t) c23

c31 c32 ρ3(t)




(ρj(t) : polynomial, cmn : constant)

Generalized Landau-Zener (Aoki-Kawai-Takei 2002)

i) ρ1(t) = b1t + a, ρ2(t) = b2t, ρ3(t) = b3t

ii) ρ1(t) = 1, ρ2(t) =
t
2
, ρ3(t) = t2 + c

where (ρ1 − ρ2)(ρ2 − ρ3)(ρ3 − ρ1) = 0 has only real
and simple zeros.
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c = 0.4
(-2.0000000000e+00,-2.0000000000e+00)-( 2.0000000000e+00, 2.0000000000e+00)

Model for nonadiabatic transition phenomena

Time-dependent multi-level problem (3-level)

i!
d
dt
ψ = H(t)ψ

H(t) =




ρ1(t) c12 c13

c12 ρ2(t) c23

c31 c32 ρ3(t)




(ρj(t) : polynomial, cmn : constant)

Generalized Landau-Zener (Aoki-Kawai-Takei 2002)

i) ρ1(t) = b1t + a, ρ2(t) = b2t, ρ3(t) = b3t

ii) ρ1(t) = 1, ρ2(t) =
t
2
, ρ3(t) = t2 + c

where (ρ1 − ρ2)(ρ2 − ρ3)(ρ3 − ρ1) = 0 has only real
and simple zeros.
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(-2.0000000000e+00,-2.0000000000e+00)-( 2.0000000000e+00, 2.0000000000e+00)

c = 0.7

Model for nonadiabatic transition phenomena

Time-dependent multi-level problem (3-level)

i!
d
dt
ψ = H(t)ψ

H(t) =




ρ1(t) c12 c13

c12 ρ2(t) c23

c31 c32 ρ3(t)




(ρj(t) : polynomial, cmn : constant)

Generalized Landau-Zener (Aoki-Kawai-Takei 2002)

i) ρ1(t) = b1t + a, ρ2(t) = b2t, ρ3(t) = b3t

ii) ρ1(t) = 1, ρ2(t) =
t
2
, ρ3(t) = t2 + c

where (ρ1 − ρ2)(ρ2 − ρ3)(ρ3 − ρ1) = 0 has only real
and simple zeros.
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(-2.0000000000e+00,-2.0000000000e+00)-( 2.0000000000e+00, 2.0000000000e+00)

c = 0.9

Model for nonadiabatic transition phenomena

Time-dependent multi-level problem (3-level)

i!
d
dt
ψ = H(t)ψ

H(t) =




ρ1(t) c12 c13

c12 ρ2(t) c23

c31 c32 ρ3(t)




(ρj(t) : polynomial, cmn : constant)

Generalized Landau-Zener (Aoki-Kawai-Takei 2002)

i) ρ1(t) = b1t + a, ρ2(t) = b2t, ρ3(t) = b3t

ii) ρ1(t) = 1, ρ2(t) =
t
2
, ρ3(t) = t2 + c

where (ρ1 − ρ2)(ρ2 − ρ3)(ρ3 − ρ1) = 0 has only real
and simple zeros.
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(-2.0000000000e+00,-2.0000000000e+00)-( 2.0000000000e+00, 2.0000000000e+00)

c = 1.2

Model for nonadiabatic transition phenomena

Time-dependent multi-level problem (3-level)

i!
d
dt
ψ = H(t)ψ

H(t) =




ρ1(t) c12 c13

c12 ρ2(t) c23

c31 c32 ρ3(t)




(ρj(t) : polynomial, cmn : constant)

Generalized Landau-Zener (Aoki-Kawai-Takei 2002)

i) ρ1(t) = b1t + a, ρ2(t) = b2t, ρ3(t) = b3t

ii) ρ1(t) = 1, ρ2(t) =
t
2
, ρ3(t) = t2 + c

where (ρ1 − ρ2)(ρ2 − ρ3)(ρ3 − ρ1) = 0 has only real
and simple zeros.
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