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Quantum dynamics in mixed phase space
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Dynamical tunneling in mixed phase space

1. “Dynamical” tunneling between dynamically disconnected regions?
2. Definability of tunneling rate in dynamical tunneling problem?
3. Sharply divided phase space; helpful for our understanding of generic systems?

1. How tunneling occurs “dynamically” between dynamically disconnected regions?
2. Is it possible to define the tunneling rate in dynamical tunneling problem?
3. Does the system with sharply divided phase space help our understanding for generic

mixed systems?

1. How classically disconnected regions are connected?
2. How“ underlying dynamics”affects the purely quantum effects ?
2.is it possible to define reasonable tunneling probability or tunneling rate in mixed phase

space?
3. If so, how can we evaluate it quantitatively ?
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Tunneling transport in the integrable model

n-step propagator in the p-representation

Kn( pa, pb ) = 〈pb|Ûn|pa〉 =
∫ +∞

−∞
· · ·
∫ +∞

−∞

∏

j

dqj

∏

j

dpj exp
[

i
!

S({qj}, {pj})
]

| pa〉 : initial state | pb〉 : final state

Semiclassical propagator

Ksc
n (pa, pb) =

∑

γ

A(γ)
n (pa, pb) exp

{ i
!

S(γ)
n (pa, pb)

}

pa pb

Ma,b
n = Aa ∩ F−n(Bb) = ∅ for ∀n ∈ Z

Aa = { p = pa } Bb = { p = pb }
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A simple integrable model — kicked linear rotator —

F :

(
p′

q′

)
=

(
p + K sin q

q + ω

)

Lagrangian manifold :

pn = p0 + Kn sin(qn − nω/2)

where

Kn = K
sin(nω/2)

sin ω/2

Set of initial value contributing semiclassical propagator < pn|Un|p0 >:

Mα,∗
n = {q0 = ξ + iη | p0 = α ∈ R, −∞ < pn < ∞ }

ξ η
0 pn = ∞ pn = −∞

real branch

tunneling branch

qn pn log |Ψ(pn)|2
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Initial value representation of complex orbits
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· · ·
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∏

j

dqj

∏

j

dpj exp
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i
!

S({qj}, {pj})
]

| pa〉 : initial state | pb〉 : final state

Semiclassical propagator

Ksc
n (pa, pb) =

∑

γ

A(γ)
n (pa, pb) exp

{ i
!

S(γ)
n (pa, pb)

}

pa pb

Ma,b
n = Aa ∩ F−n(Bb) = ∅ for ∀n ∈ Z

Aa = { p = pa } Bb = { p = pb }

Tunneling probability of kicked linear rotor

Set of initial values contributing to the semiclassical propagator

Mα,∗
n = { q0 ∈ C | p0 = α ∈ R,−∞ < p0 < ∞ }
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Initial condition
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4-th order polynomial potential

Initial condition
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- V (q) = −q3/3 − cq : Hénon map

- H(p) = cos p V (q) = K cos q : kicked Harper map

- H(p) =
p2

2

(p/pd)2ν

(p/pd)2ν + 1
+ ωp V (q) = K cos q :

modified standard map

...

Ksc =
∑

γ

Aγ exp
[ i

!
Sγ

]

pn = −∞ pn = ∞
modified standard

linear rotor
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