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The Molecular World

Time Scales

Time Scales: From Milli to Femtosecond Atomic Resolution
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Overview

Born-Oppenheimer ansatz and potential energy surfaces
electronic structure in a nutshell
harmonic oscillators everywhere

condensed phase models

quantum dynamics, from coherent to incoherent

Born-Oppenheimer Ansatz

molecular Hamiltonian

Huot = Tt + Velmnue + Ver—el + Thue + Viue—nuc /K

kinetic energy Coulomb interaction
Ny 9 1 02 (Net, r;, Pj, Mel)
Ta=>)_ L Vaca=35D ot
el 2me1 i#j ‘ri I']’ (NHUC7ZA7RA7PA7MA)

=1
molecular Schrédinger equation
HuaUa(r, R) = E\Uy\(r,R) —> ma/Mx < 1073
electronic Hamilton operator for fixed nuclei
Ho(R) = To1 + Vel—nue(R) + Vei—al

electronic Schroédinger equation: adiabatic electronic states

Ha(R) tha(r; R) = Eo(R) ¢a(r; R)
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assuming a complete adiabatic basis

ansatz for molecular wave function

expansion coefficients are nuclear wavefunctions and obey

\IJ(T; R) - Z Xa(R) %(7“; R)

(Tnuc + Ea(R) + Vnucfnuc + @aa - E) Xa(R) - Z @abXb(R)

nonadiabaticity operator

b#a

&

Oup = /dT‘ wa(r; R) Thue ¢b(r; R) + Z ML |: /dT %(77 R)inb(T; R):| P,

potential energy surfaces (PES)

Ua(R) — Ea,(R) + Vnuc—nuc(R) + ®aa

9

® PES: 3Nnuc-dimensional hypersurfaces

>

3Nnuc-6 internal degrees of freedom (DOF) + 3 rotations + 3

translations

stationary points  VU,(R)|p_p@ =0

VU, (R) ={0U,(R)/ORy,...,0Us(R)/OR3N,,. }

0°U,(R
Hessian matrix n,&if; = (R)

degeneracies of electronic states

OR,,OR,

(m,n=1,...,3Nm)

Ua(R) ~ Ub(R)



Morse potential

— photodissociation
* ) ) <) >
—d
g )
S Dy %
RIeq R Req R
proton transfer 0 nonadiabatic dynamics
Na'+I
Eq - " Na+ICP, )
g g,; 0.1f Na+ICP, )]
&
s 1z+
R 00— 20 30
R[a.u.]
® nonadiabatic effects & Born-Oppenheimer approximation
(Tnuc + Ea(R) + Vnuc—nuc + ®aa - E) Xa(R) - - Z ®abXb(
b#a
1
Oup = / dr a(r; ) Toue t(rs R) + ) 7 { / dr Vo (r; R\P oy (15 R)| Py

0.2

Na'+T

(2) adla) | XaM’@ab‘XbNH
EaM - E + Z adla adla)

- 2 a bN
Na+I('P, )]

Energy [a.u.]
=

) . v+
BO approximation o' >
Oqp =0 00 1020 30 40
R [a.u]

adiabatic molecular wavefunction: \If(adla>( ' R)

= XaM (R)¢a(r; R)
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Electronic Structure in a Nutshell

® electronic Schrodinger equation for fixed nuclei

Hea(R) ¢a(r; R) = Eq(R) tha(r; R)

p wavefunction (Hartree-Fock, MPn, CI, MCSCF, CC etc.) and
density (DFT) based methods

. . linear
many particle s'nnggﬁeiiqg'fle combination of
state X atomic orbitals
orbital (MO) (LCAO MO)

Ya(iR)  —  @i(mR) =¢i(riR)g(ms)  — Y Cuiu(riR)

® illustration for H>

® LCAO-MO approach (H2)
» minimal basis of one atomic 1s function per nucleus

2
GiriR) = 3 Cidu@R)  —>  du(r—Ry) = —= e IR
u=1

>

p coefficients follow from linear variation principle

P =0y = [2(1 4 S12)] 72 (61 + ¢) Yo = 0y = [2(1 — S12)] 72 (1 — ¢2)

‘ ‘ ‘ ‘ 06f ‘ ‘ ‘
_ 0.3} ] —~ 04¢
= = o2
§ 0.2 g 0.0
= < 02
=N 0.1 N _oal

00— | | — -06f
-2 1 0 1 2 2 -1 0 1 2
r/bohr r/lbohr

bonding MO antibonding MO



® many-electron states

p four possible spin-orbitals
@1(x) = Y1 (r)a(ms) ©a(x) = 1 (r)B(ms) p3(x) = Ya(r)a(ms) Pa(x) = Ya(r) B(ms)
p Pauli principle requires antisymmetric wavefunction
p fulfilled if many-electron wavefunction is chosen as in Slater determinant
form
\|12 electronic ground state
1
J v, Wo(x1,x2) = —=(p1(x1)p2(x2) — p1(x2)p2(x1))
V2
_ L pi(xa)  pa(x1)
V2| pi(x2)  p2(x2)
p restriction to a single determinant description: Hartree-Fock theory
5
: : (1) (3) (5)
excited determinants |
° ! —+—

® configuration interaction

>
4

(2) (4) (6)

correlation effects { —'—
electronically excited states
HF limit
t but...
exact number of configurations for N

electrons and 2K spin orbitals

(2K)1/(N1(2K — N)I)

number of basis functions

> full CI

number of SLATER determinants



wa(M) (=) | 2)

wi) (s (0?)

® ab initio wavefunction-based methods (selection)

HF

CI

MCSCF

&) =U(x)|0) C) = ZGLI’&) [, C)

— U(r) Y Cili)

)

® density functional theory

p energy functional of electron density (Hohenberg-Kohn)

Elp] = e/d3x Vel—nue(X) p(x) + Tal[p] + < /dgx d>x’ px)p(x’) + Ex

2 |x

» holy grail: exchange correlation functional

P electronically excited states: linear response theory

® clectronic states vs. potential energy curves

0.6}
0.4f
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Harmonic Oscillators

® assumption: Born-Oppenheimer approximation is valid

e PES
Ua(R) - Ea(R) + Vnuc—nuc(R> + @aa

® choice of internal coordinates depends on problem

p reactive dynamics & floppy molecules: bond distances, angles,
dihedrals - complicated kinetic energy

® close to equilibrium: harmonic approximation
» small deviations w.r.t. geometry of stationary point

ARY =RY R, (n=1,...,3N,.)

p Taylor expansion of PES

3Z\/vnuc

H, = Uy(R“) + )

n=1

3Nnuc

S SHOARDARY +

m,n=1

P2
oM,

19

® diagonalization of Hessian by linear trafo to mass-
weighted normal mode coordinates

ARY =3 MM Aq,
e

® normal mode Hamiltonian

nm 1
Hy = Uy(qae = 0) + H™ H™™ = o ; (e +wietee) S

Normal Mode Vibrations of CO;

9 ? ) bending (667 cm-!)
@ O @ sy stretch (1340 cm™)

‘ O_~‘ asym. stretch (2349 cm'')

20



® eigenvalue problem for harmonic oscillators

H(gnm)XaN(Q) :EaNXaN(Q) N = {NlaNQ)'--}
1
EaN:Zhwa7§(N§+§) N§:0,1,2,...
3
)\ag ( 1 2
e (Gog) = £ oxp (= 5A2ca2 ) Hne (Mg o
XaNe (da.¢) N AN Ne(Aag Gae)

10000

8000

6000 -

E/hc [em™"]

4000

2000+

0.4 0.6

-0.6 -0.4 -0.2 0.2

® two electronic states:shifted oscillator model

p different equilibrium positions

)\CQL,E = wa’g/h

3N,
nuc 1
Ua—yg/e(R) — RU/®) Uo(R) = U(R9) + > 5 £ AR AR
m,n=1
p assume same normal modes
ARy = R, — RY — (R — RY) ZM 249 (g — g
77777 U ©
» general shifted oscillator Hamiltonian . ‘
&0
H, = Ua(ge = ¢”) + = Z(pg+w e(ge — ai)? )
3
(& (@ q
Aag 1 (a) (a) o 5
Xane () S oxp (— A2l — ")) HuveOaelae — )

- \/\/7_T2N5 N&'
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® Franck-Condon factor

A m+n PES shift
(o) = e~ (G2 32 3 1" B

m=0n=0 (b) (b)
Agay = 1/ = -
\/ I Gab 2h(qg g )
VT

M —m)/(N — m5MmN“

Agar)? (Bgap)*M
) special case: Poisson distribution  |(Xaar[xso)[® = e~ (29 —]:4'

0.5f

(n|0)
o
—-0
—
— o
——e
— o
| ——
—e
t—a
—
o
| o
te
°

0.0

-0.5+

3.0 —
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2.0

® anharmonic corrections 2

p use normal mode coordinates
to express higher order terms .
in the Taylor expansion

AR [AVa.m.u]

p(anh) _ ‘ZKklmqkqlqm + 5 Z KtmnQo@i@mn + -

kim kilmn

24




Reaction Surfaces

® combination of large amplitude and harmonic motion

® example: proton transfer

3,7-dichlorotropolone

A-H.B— A.H.B— A..H-B

TS

Q(A...B)

-1 -0.5 0 0.5 1

reaction coordinate reaction coordinate s

25

p divide nuclear DOF into active, s, and spectator, Z, coordinates
p expand w.r.t. a meaningful reference configuration

oU(s, Z) 92U (s, Z)
U(R) ~ U(s, 2 +(—> AZ + AZ (— AZ
(F) ( ) oZ — ZIZ ), 40

—f(s) K(s)
P normal mode trafo
AZ(s) = M~Y2Aq

P reaction surface Hamiltonian

1
H=T,+U(s,2%)+Tq+ §qK(s) F(s)q

mode mixing/ \forces on modes

K(s) = ATM~Y25(s)M~Y/2A = f(s)M~/2A

26



(re)active system spectator modes
_ A A

' ) ' 8 1 N
H =T+ U(s,2”) — Ereorg(s) + Tq + sla— a”(s))K(s)(a —a”(s))
reorganization energy displacements
1
Breors(s) = 5" ()K(s)a* (s) q©(s) = —[K(s)] "  F(s)

¢ %

27

Coupled Electronic States

® consider two-state one coordinate (curve-crossing) system

p adiabatic representation (dynamic coupling)
ppod _ [ Lo O, n Ue(R) 0 ed (X)) g (X
O Thue 0 U_(R) X— X—
p diabatic representation (static coupling)
g _ (Twe 0 L (UHR) Via(R) o (X1 _ g (XS
0 Thue Vis(R) U3(R) X5 X5
p related via an orthogonal transformation
W o) g (cosaR) siny(®)
X- % —siny(R) cos(R)

N 1 2|1Via(R
mixing angle 7(R) = ; arctan (\Uf(}g)li(Uz?’(Rﬂ)

28



@ diabatic vs. adiabatic representation

) = 5 (UHR) + U30) £\ I02(00) ~ VSR + alVia( ) )
p diabatic states can cross *

p adiabatic crossing requires diabatic crossing and vanishing
coupling

® non-crossing rule: adiabatic states of the same symmetry do
not cross

29

_ _C{]US"I‘IQ!I

R

® Vvibronic coupling model 5 eneray
-5
Huno = Z (GavHa(RR) + (1 = dab) Vap(RR)) [tha) (o] . . .
” conical intersection

1 2 2 2

Hasolge) = Ho+ Ba+ Y 6ge + ... » tuning modes
¢

Vo(ge) = Van(ge = 0) + > _ A" ge+...  » coupling modes
¢

30



® example: photostability of life

|
(a) mm(LE) (b)
1 5 4 _
5.0 n(LE) e LE)
1
ni+(LE)
abs
40 + r /@—
..—-/-; -l
o) -
= /’/A ®/® A Fig. 1: Schematic view of
S 30 F 0 B s é/ 1 o i the radiative excitation of a
é ' o }:{ chromophore and its
@ ,@/ o deactivation via a conical
c ©n ) g o @ intersection of the Sy and So
w 2.0 S, - S, %] i energy surfaces. The dots and
- / G/ arrows are intended to give a
/® @ qualitative visualization of the
e® g{ o motion okfthe optically prepared
1.0 1 ] wave packet.
europhysicsnews
0.0

10 15 20 25 1.0 15 20 25 30
Ry [A] Ry [A]

Sobolewski, Domcke, Europhys. News 37,20 (2006)
31

Molecules in the Condensed Phase

® examples:
p solute-solvent system
p host-guest solid state

p chromophores in biomolecules

potentials

QM, MM, QM/MM

on—the-fh/ \i priori PES, models

trajectories quantum propagation
classical, quasi-classical, wavefunction, reduced
semiclassical density

32



® from PES to classical force fields

» Newton’s equation for classical nuclei

YRS N0

p ab initio Born-Oppenheimer Molecular Dynamics (AIMD)

» Molecular Mechanics (MM) force fields

KIS RN

>K,(b-b,) 3K, (6-6,) 37, [1- cos(ng - ¢%)]

~ Bonded <
UURY = Y 0 (Ra) }—0 . .
A
< VYK Kby (0-6)
+ ) w(Ra,Rp)+...
A<B Electrostatic zﬂ
KNonbonded{ ety

A B
12 6
’U I’U.

Repulsion-dispersion Z

33

® Quantum Mechanics/Molecular Mechanics (QM/MM) method

DL

34



® Quantum Mechanics: System-Bath models

p recall reaction surface Hamiltonian

1
H=T,+U(s,Z") + Tqy + éqK(S)q —F(s)q
— — —

relevant system bath system-bath coupling
p spectrum of bath modes arbitrary

p Caldeira-Leggett model

1 2 2 2
p fluctuating force picture

H = Hg + 0Hg(t)

p stochastic models (Kubo, Haken-Strobl-Reineker)

(0Hs(t)0Hs(0))bath = f(t)

35

Quantum Dynamics: Schrodinger Equation

inY)

5 — 1Y)

® standard approach
» formal solution via time evolution operator
[T (t)) = U(t)]¥(0)) U(t) = e—iHt/h
p if eigenstates are known
Hla) = Eq|a) (1) = calt)la) = ca(t) = cq(0)e Eat/

a
p if eigenstates are unknown, but some meaningful basis exists

=" enlt)ln) indenl =3 Humen (0
p follows from Dirac-Frenkel variational principle
<5\IJ|H—zh |\IJ) =0

36



>

® Simple example: Dynamics in a double well

2500
Ebarrier 2 2
V(z) = T (r — x0)" (2 + o) 2000 1
Lo
g 1500 |
1 g 1000 |
Vpr(7;0) = 7 (¢o(z) £ ¢1(7)) -
500
oL
P = % (et Py () £ ety (2)) (€70 My () £ €11/ ()
= % (Igo(@)* + [61(2)[?) =+ do(2)¢1 (x) cos((Er — Eo)t/h)
tunneling frequency =) @:

W19 = 271'1/10 = 27T/7'10 = (El — Eo)/h

® harmonic vs.

E/hc (cm-1)

E/hc (cm-1)

)

0 1000 2000 3000 4000 50
t/fs

37

Morse oscillator

3000

2500

2000 |

1500 |

1000 |

500 |

T  CC.T Q.. T
| A WA .|
S o o
()] ()]

]
—_

4000
3500

3000 |
2500
2000 |
1500
1000
500 |

100 150 200
t/fs

o
(&)
o

1 1 _-1
0 200 400 600 800 1000

x/A

t/fs

p wave packet dephasing
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® multi-dimensional extension (f DOF)

Ny Ny
U(xy,...zp,t) = Z s Z le...jf(t) 625;-})(931) T ¢§~f)($f)

J1=1 Jr=1

- 1 1
ihChygy= > <¢§1)...¢§f>|ﬂ|¢;}...¢,§§’>Ck1 ,,,,, -
k

Lyeonskif

b example: f=6, N=20 there are 20°=64x10° basis functions
P requires 3GB of memory for propagation

p dimensionality bottleneck

39

® (partial) solution: time-dependent basis functions

92t >0)

¢ (1=0) ‘
(_) X1 \I/(t > 0)

=
\ / ¢"a=0) >0\ /-

U(zy,...,zp5t) = oW (z13t) x ... X gb(f)(scf;t)
—
Hartree product

® application to reaction surface Hamiltonian
1
H = Hs + > I+ wied]l + ) Fe(s)ge
3 3

40



® coupled equations of motion (via Frenkel-Dirac principle)

p active coordinate 5
iho@(s,t) = [T + Vscr (s, )] é(s, 1)

p spectator modes = driven oscillators
2

zh%¢(qg,t) = [% + lwgqg — Fe(t)ge] o(ge,t)

2
» mean fields

Fe(t) = / ds 6" (5: 1) Fe ()(s: 1)

0.01

0.008

N

0.006

—~

F(s

0.004

0.002

o

0

-1 -0.5 0 0.5 1
PT coordinate

= -0.5
PT coordlnate
4]

multi-configuration time-dependent Hartree (MCTDH) approach
(Heidelberg group, H.D. Meyer, L. Cederbaum and coworkers)

ZAﬁ, @O (wrst) x5 (3 3t) ZAJ )@ (1)

p time-dependent compact basis

p optimal representation of moving with wave packet
p correlations included via superposition of Hartree products
» high-dimensional dynamics via multi-layer extension (ML-MCTDH)

p coupled equations of motion from Dirac-Frenkel principle
coefficient vector: ihA; = Z Hyx Ak
vector of single particle functions: @) = ((/5(1”), e f/ﬁgz?)T
iho™) = (1 — PW)(pF)) =134 G

42



Dissipative Quantum Dynamics

elementary processes in complex systems

energy flow
photodissociation
structural change .
dissipation
recombination

relevant subsystem

V<l ]
D.Dlott . spectroscopy

& laser control

Protein&
Solvent

Absorption

2000 3000
wavenumber (cm'1)

p system-bath (reservoir) situation

43

system-bath Hamiltonian

H = Hs + Hs_r + Hg

system defined by observable
(O)(t) = /ds dZ V" (s, Z,t)O(s)¥(s, Z,t) = trs g {W(t)O}

introduction of reduced density operator

o(s5,5,1) = / Q70 (s, OV Z) = plt) = te{W(5)}

O)(t) = [ ds10G)ps.5.0),, = ts{p(0)0}
Liouville-von Neumann equation for total statistical operator

Owi) =1

- (1,7 (1))

44



@ derivation of the Quantum Master Equation (QME)

p interaction representation
Up(t — to) = exp ( — %Hs(t — t0)> exp ( - %HR(t - to))
WW(t) = Uy (t — to)W (£)Us(t — to)

QW(I) (t) =

= D (0. WO (1) ¢

h S—R

p equation of motion for reduced density density operator

0

2 o0(0) = — e { HD (), WO ()]}

h

p equation not closed, use perturbation theory based on formal solution
t

7: / / /
W) = W) - - / dt [Hél_)R(t ), WOt )}
to

45

P assumptions: factorized S-R coupling & bath stays in equilibrium
W(I)(t) - p(I) (t) ® Regq Req = G*HR/’CBT/UR{Q*HR/EBT}

Hs r = ZKuq)u <(I)u>R =0

p second-order EOM for reduced density operator
t

a ]‘ / / /
o0t == [ dt" e {[HY (1), [HO (), Reap® (8]

to

p four terms due to commutators

o0 = =3 [ (Cutt =KD, K@)

~Coul—t + ) KD @), O KD (1))
p correlation function of bath fluctuations

46



p EOM in Schrédinger representation

0 i ap
o = st (at>diss

(%) - 93 / r (Cunl(r) [ Ko Us () Kop(t = 7)US (7)]
— Coul=7) | K Us(7)p(t = ) ,US (7))

» r.h.s. contains free and dissipative evolution

p retarded time argument leads to memory effects: non-
Markovian dynamics

» memory time determined by bath correlation function, usually
Cun(T) o< exp(—T/Timem)
» Markov approximation ( C,,(7) « §(7) )
p(t —7) = Us(t —1 —to)pV(t — T)US (t — T — to)

Us(—7)Us(t — to)p" () Ug (¢ — to)Ug (—7) = U (7)p(t)Us(7)
47

Q

® Quantum Master Equation (QME)

<ap)dm:‘z / dr { Cu(7) [Ko KO (=)p(t)] = Cual=7) [Kus oKD (7))}

1
"2

Cun(t) = 75 {APu(t) AL, (0))r EP(=7) = Us(1)K,Ug ()

® beyond the Markovian and perturbative QME
p path integral method

» hierarchy equations of motion

48



® multi-level Redfield equations

p eigenstates of the relevant system  Hgla) = E,|a)

()" 2 | dr {Cu [Ku KO )] = Cod=) (K K1)}

E 2

apab -
( ot )diss. B ;Rabﬁdpal(t)

p Redfield relaxation tensor
Rab,cd - 6ac Z 1—\be,ecl(("}de) + 6bd Z Fae,ec(wce) - Fca,bd(wdb) - de,ac(wca)

p damping matrix

(o0}

Lopea(w) = Re Z KéZ)K((}Z) /dT eWC’uv(T)

U,V 0

49

® harmonic oscillator bath (Caldeira-Leggett model)

hw 0?
Hi = 2g ( T Q2 T Qg) (Qe = we/ /) mewe)

3

Hs g = K(s) ) hwegeQe
p correlation function ¢

C(t) = Y2 wZSe([(1 + nlwglle ™! +n(wg)e™) S = ¢2/2
5 &

C(w) = 2mw?[1 4 n(we)][J (w) — J(—w)]

p spectral density

C(t) = / dw (cos(wt) coth <QZ:T) - isin(wt)) w?J(w)

0
50



® model spectral densities
» Ohmic spectral density with cut-off: w?J(w) = O(w) jow e */*

p Debye spectral density (solutes in polar solvents)

Jow
w?J(w) = O(w) R 2
in high temperature limit C(t) = 277;‘35 (2ksT — isgn(t)hwp) e~“pl
D

S -1
correlation time: wp

ohmic limit wp' — 0
Clw) x w

Markov dynamics: C/(t) = §(t)

51

® Redfield tensor: Rab,cd

p population transfer (a=b, c=d)
Raa,cc - 25@6 Z Fae,ea (wae) - 2Fca,ac(wca) — 5ac Z kae - kca

energy relaxation rate  ku = 2Tayp0(Wat) = KWK CLy(wap)

u,v

p coherence dephasing (a#b,a=c,b=d)

Rab,ab = Yab = Z (Fae,ea(wae) + Fbe,eb(wbe)) — Faa,bb(o) — be,aa(o)

e

. : 1 1 (pd)
dephasing rate due to energy relaxation 7 = B Z Kae + 5 Z Kbe + Vab

pure dephasing rate %(fgd) = — ZKC(LZ)KS)CW(L«J =0)

52



® a simple example: the damped harmonic oscillator

%PMN = —0muN Z (k?MKPMM - kKMpKK) kv = |<M|K(S)|N>|2 Clwmn)

K
—(1 = darw) (%(M — N) + 70 +98)parw v = YN kmn/2

(MIK ()N} = (VN S+ VN + Lo )

P relaxation rates

Hy oA

Evn = (6pnv-1(M + 1)C(=8%) + S v MC(Q) ) a1

( ) —

life tim i Hg.

2 e times M _Q_ SR Ta,
s 1
Tt = kv = (M +1)C(-0) + MC()) ] —Y >
J(o)
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