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Observed core rotation 
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Predicted core rotation 
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Suppressed dipole modes 
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Suppressed modes: magnetic greenhouse 
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Testing asteroseismic radii 
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Testing scaling relations 

Themeßl et al. in prep. 

Fig. 1: Over a time span of 150 days the lightcurve of KIC 8410637 shows two eclipses. 
The inset reveals the brightness variations that occur due to pulsations. 

Fig. 4: Global oscillation parameters of KIC 8410637 derived from different studies (top 
left). The resulting mass and radius estimates based on the asteroseimic scaling relations 
and the binary orbit analysis (bottom left). A comparison between the mean density and 
gravity measurements (bottom right). 

Fig. 2: Power density spectrum of KIC 8410637 (top) including background components 
(in blue) and the best fit (in red). After removing the background, only the oscillations are 
left in the spectrum (bottom). The Gaussian fit (multiplied by a factor) is shown in red. 
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Red giants in eclipsing binary systems are ideal candidates for testing stellar 
structure and evolution. Based on four years of Kepler observations we 
studied the oscillation spectra of three red giants that belong to eclipsing 
binary systems. We determined individual frequencies of oscillation modes 
that contain valuable information about the stellar properties and provide 
essential constraints for detailed stellar modelling.  

Introduction 

Granulation background model 

A number of eclipsing binary systems with a red-giant component were found 
in Kepler data [2]. Pulsating red giants exhibit solar-like oscillations that are 
stochastically driven by the turbulence in the outer convection zone. Their 
oscillation spectrum consists of several overtones of radial order (n) and 
spherical degree (ℓ ≤ 3) modes. 

The power excess is the most distinct feature in the power density spectrum 
of a red giant (e.g. at ~45 µHz in Fig. 2). The oscillation modes are 
superimposed on a background that we model with a white noise component 
and two granulation background components.  To fit the model to the data we 
use a Markov Chain Monte Carlo method. After removing the background we 
fit a Gaussian to the power excess. The center of this Gaussian is known as 
the frequency of maximum oscillation power νmax.  

Data 
Eclipsing binary systems are characterized by dips in the photometric 
timeseries (Fig. 1). These are caused by the two components eclipsing one 
another. The original Kepler timeseries of KIC 8410637 span 1460 days of 
nearly continuous observations with one measurement every ~29.4 minutes. 
In total, the lightcurve shows 4 primary and 4 secondary eclipses. For the 
asteroseismic analysis all long-term trends, drifts, outliers, jumps and eclipses 
were removed [4]. 

The oscillation modes are visible as peaks in the power density spectrum. 
They follow a well-defined pattern which comprises modes of different 
spherical degree. To extract the frequencies, we fit a sequence of Lorentzian 
profiles to the spectrum (Fig. 3). The spacing between modes of the same 
spherical degree and consecutive order is the so-called large frequency 
separation Δν. The small frequency separation δ01 is the offset from the 
midpoint between consecutive ℓ=0 modes.  

Peakbagging 

Fig. 3: Oscillation region of KIC 8410637 (top) and one mode triplet between 38 and 43 
µHz with residuals (bottom). The best fit to the modes is shown in red.  
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The system KIC 8410637 has been well studied. While the global oscillation 
parameters are in agreement between the different analyses, the resulting 
masses, radii and mean densities are more scattered with a trend visible (Fig. 
4). Most notably, the asteroseismically determined gravities seem to be in 
good agreement with the gravity estimate from the binary orbit analysis. 

Discussion 

δν01 
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analysis 
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Fig. 1: Over a time span of 150 days the lightcurve of KIC 8410637 shows two eclipses. 
The inset reveals the brightness variations that occur due to pulsations. 

Fig. 4: Global oscillation parameters of KIC 8410637 derived from different studies (top 
left). The resulting mass and radius estimates based on the asteroseimic scaling relations 
and the binary orbit analysis (bottom left). A comparison between the mean density and 
gravity measurements (bottom right). 

Fig. 2: Power density spectrum of KIC 8410637 (top) including background components 
(in blue) and the best fit (in red). After removing the background, only the oscillations are 
left in the spectrum (bottom). The Gaussian fit (multiplied by a factor) is shown in red. 
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The system KIC 8410637 has been well studied. While the global oscillation 
parameters are in agreement between the different analyses, the resulting 
masses, radii and mean densities are more scattered with a trend visible (Fig. 
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Testing asteroseismic densities 

Circular orbit! 
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Halo stars 

– 14 –

Fig. 2.— Thick-disk (diamonds) and halo (stars) SR masses, calculated using �⌫ and ⌫
max

from
the APOKASC Catalog, versus metallicity. The range of theoretically allowed masses for the halo
and thick disk (§3) are indicated by the light and dark gray bands, respectively.

Epstein et al. 2014 
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Stellar parameters with Machine Learning 
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What is the intrinsic accuracy of age 
determinations? 

14 Angelou & Bellinger et al.

Table 5. The best two-parameter combinations of observ-
ables for constraining stellar age. Below the dividing hori-
zontal line we include the best spectroscopic pair for com-
parison as well as log g – h�⌫

0

i to highlight the necessity of
the small frequency separation in determining stellar ages.
The BA1 grid is varied in six dimensions and with such a
high-dimensional parameter space the quantities in the C-D
diagram (fifth row) constrain age with ‘typical’ uncertainty
of 701 Myr.

Parameters Ve µ(✏) [Gyr]

hr
02

i ⌫
max

0.844 0.642

hr
02

i log g 0.833 0.683

hr
13

i ⌫
max

0.827 0.711

hr
02

i h�⌫
0

i 0.825 0.694

h�⌫
0

i h�⌫
02

i 0.824 0.701

hr
02

i h�⌫
02

i 0.821 0.701

PC
2

PC
8

0.788 0.767

PC
2

PC
4

0.776 0.762

log g h�⌫
0

i 0.481 1.29

log g T
e↵

0.321 1.53

5.1. Ages

The current exercise allows us to evaluate the theoret-
ical limit in which parameter pairs, such as those used
in the C-D diagram, can constrain stellar ages. Recall
that there are six initial model parameters varied simul-
taneously in the BA1 grid. Describing a six dimensional
parameter space with two quantities invariably leads to
degenerate solutions for age and necessarily high un-
certainties. The parameter pairs that o↵er similarly the
best constraints on ⌧ are listed in Table 5. The combina-
tion of hr02i and ⌫max marginally provide the best probe,
explaining the largest fraction of the variance and infer-
ring ages with uncertainty µ(✏) = ±642 Myr. This is in
comparison to µ(✏) = ±701 Myr for h�⌫0i and h�⌫02i as
per the C-D diagram. In Table 5 we also include results
from regression calculated with the PCs and find they
perform comparably well. The results here omit any
uncertainty stemming from the surface e↵ect suggesting
that the hr02i and ⌫max pair are indeed the preferable
choice.
It is clear from Tables 4 and 5 how important the

small frequency separation and frequency ratios are for
the determination of stellar ages on the MS. If we limit
the combinations to the classical observables, we find
that log g and Te↵ can explain just 32.1% of the vari-
ance in ⌧ with uncertainty µ(✏) = ±1.5 Gyr across the
whole grid. The introduction of the large separation of-
fers little improvement. The parameter pair log g and
h�⌫0i explain 48.1% of the variance with µ(✏) = ±1.29
Gyr. If we permit the RF to draw upon five observables
for its regression model, some of the degeneracy in ⌧ is
lifted. The last column in Table 4 indicates that the RF

can reduce the average uncertainty in predicting ⌧ such
that µ(✏) = ±282 Myr.

5.2. Abundances

Figure 5. Distributions of Y
surf

and Y
0

in the BA1 grid.

The small frequency separations and separation ra-
tios are integral for the determination of ages. However,
the feature importances in BA1 (their Figure 5) indicate
that the RF relies predominately on Te↵ and [Fe/H] to
infer other model parameters. Table 4 confirms how
important measuring [Fe/H] is for characterizing stars.
This quantity is preferentially selected in the many RFs
and their regression models, whilst [Fe/H] itself cannot
be determined from the other observables with any de-
gree of confidence. [Fe/H] is an indispensable piece of
independent information.
Accurate determination of [Fe/H] is paramount for in-

ferring many of the current-age stellar attributes. [Fe/H]
also features prominently in the retrodiction of the ini-
tial model parameters but these quantities are charac-
terized by large uncertainties. Foremost, we have no
observable that satisfactorily constrains di↵usion – D

demonstrates an average uncertainty spanning three or-
ders of magnitude. This in turn introduces uncertainty
in retrodicting the initial metal content.
Predictions for Z0 at first glace appear to be robust;

we report V

e

and µ(✏) = ±0.001. However we contend
that a reported error of µ(✏) = ±0.001 is not all that
insightful given that the grid is sampled down to Z0 =
10�5. Z0 is sampled logarithmically and takes a small
(linear) range in values. In such cases a relative error is
a more useful measure of performance than an absolute
di↵erence.
In Table 6 we devise a series of measures that bet-

ter appraise the performance of the RF in predicting
abundances. We report the average absolute di↵erence
as per Table 4 [µ(✏)], the maximum absolute di↵erence

Angelou et al. (2017) 
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Stellar inversion 
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Figure 1: Échelle diagrams comparing GOE evolutionary models of 16 Cyg A (left) and B (center) to

frequencies extracted from Kepler data. For reference, the right panel shows the solar model Model S

(Christensen-Dalsgaard et al. 1996) in comparison with low-degree frequencies of the quiet Sun from BiSON

data (Davies et al. 2014). The dashed line indicates the large frequency separation (�⌫). Open symbols are

model frequencies and filled symbols are observed frequencies. Spherical degrees ` are indicated with color

and shape: 0 (blue squares), 1 (black triangles), 2 (yellow diamonds), and 3 (red circles). Error bars show

1� uncertainties, which in most cases are not visible. Model frequencies significantly differ from observed

frequencies in nearly all cases.

Dalsgaard 1984) as well as neglected treatment of pulsation-convection interaction

(Houdek et al. 2017). These are collectively known as “surface effects,” and the offset

they produce is usually called the “surface term.” For modes of low spherical degree `,

the surface term is a function of frequency alone. There are a number of methods for

correcting the disparities imposed by surface effects, such as those given by Kjeldsen

et al. (2008), Ball & Gizon (2014, hereinafter BG14), and Sonoi et al. (2015). Each of

these methods work by assuming that the frequency offset due to the surface term has

a particular form that can be fitted to the frequency differences and subtracted off.

Even after correction for the surface term, however, differences remain. Figure 2 shows

the remaining discrepancies between mode frequencies of models and observations of

16 Cygni after subtracting off the two-term “BG14-2” surface effect. More than half

of the surface-term corrected mode frequencies still have significant differences with

the observed values. Moreover, the disparities are most significant in the radial and

Bellinger et al. submitted 



Saskia Hekker Asteroseismology

Graduate days Heidelberg, 2017 

Stellar inversion 

Bellinger et al. submitted 



Saskia Hekker Asteroseismology

Graduate days Heidelberg, 2017 

Stellar inversions 

The problem of deducing small differences in structure 
between a star and a sufficiently close model by 
comparison of their mode frequencies. 
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Stellar inversion 

Asteroseismic Inversions for Stellar Structure 11
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Figure 5: Kernels for the squared isothermal sound speed and helium abundance, K(u,Y ) (left), and the

reverse, K(Y,u) (right), as a function of fractional radius for oscillation modes of model GOE of 16 Cyg A.

Notice that in contrast to the K(⇢,c

2
) kernels shown in Figure 3, the K(Y,u) kernels have very small values

(0 < K(r) < 0.01) in the interior r < 0.9 R.

that the mass and radius of the star are known. Having imprecise estimates of the

stellar mass and radius means that the mass and radius of the reference model are

likely to differ from those of the star. Berthomieu et al. (2001) accounted for this

effect in their tests of asteroseismic inversions with pairs of models by adding terms

for �M and �R to the inversion procedure. However, they assumed �M and �R to be

known exactly, and the impact of uncertainties was not explored in that work.

Another difficulty arises from the fact that the inversion equation and the kernels

are usually derived using dimensionless units, with the relative differences in f

1

and

f

2

being calculated at constant fractional radii. This raises complications alluded to

earlier: the u inversion result itself is also systematically offset by the differences in

mass and radius (Basu 2003). In short, since kernels are derived using dimensionless

variables, instead of a dimensional u, we actually have u

0 ⌘ P

0
/⇢

0, where 0 denotes

a dimensionless variable. It is straightforward to see from the equation governing

conservation of mass that ⇢ / M/R

3. Likewise from the equation of hydrostatic

support one finds that P / M

2

/R

4. Hence u

0
= uR/M , and so an inversion whose

Bellinger et al. submitted 



Saskia Hekker Asteroseismology

Graduate days Heidelberg, 2017 

Stellar inversion 

Bellinger et al. submitted 



Saskia Hekker Asteroseismology

Graduate days Heidelberg, 2017 

 
SYNERGIES 



Saskia Hekker Asteroseismology

Graduate days Heidelberg, 2017 

Hale cycle 

Created by E. Forgacs-Dajka 
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Effects on stellar properties 

•  Perturbations induced by the magnetic fields in the 
outer parts of the star influence the oscillation cavity 
and thus the frequencies with high upper-turning points. 

•  Magnetic structures are strong absorbers of p-mode 
oscillations by diminishing the turbulent velocities in a 
convective unstable layer affecting the driving of the 
modes. 
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Garcia et al. 2010, Science 329, 1032 
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Sun: second dynamo...? 

Broomhall et al. 2012, MNRAS 420, 1405 
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HD 49933 

Garcia et al. 2010, Science 329, 1032 
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Planet radius 
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Planet composition 

Eric Lopez 
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Obliquity 
12 Albrecht et al.
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FIG. 11.— Projected obliquity (either � or i?) as a function of the relative tidal-alignment timescale, for hot-Jupiter and multiple-planet systems. The
systems are plotted as a function of a simple metric for the expected timescale for tidal dissipation within the star (see Albrecht et al. 2012c eq. 2–3). Stars which
have temperatures higher then 6250 K are shown with red filled symbols. Blue open symbols show stars with temperatures lower then 6250 K. Stars which
measured effective temperature include 6250 K in their 1-� interval are shown by split symbols. Systems for which � was measured are indicated by a circle and
refer to the left-hand axis. Measurements of i? are indicated by a square and refer to the right-hand axis. Systems which harbor multiple planets are given dark
black borders. The systems with short tidal timescales are seen to be well-aligned. All of the multiple-planet systems are well-aligned despite having weak tidal
dissipation.

multiple planet system was influenced by tides. But which hot
Jupiter systems should be included in the comparison? As we
do not have a clear cut criterion we will use three samples: (1)
All hot Jupiters; (2) all hot Jupiters with ⌧ equal or larger to
the ⌧ of the first clearly misaligned system (⌧ > 102.7); and (3)
only hot Jupiters which have timescales ⌧ equal to or larger
than the shortest ⌧ found amongst the multiple-planet systems
(⌧ = 105.8).

Comparing the distributions. — In the regime of weak tides, the
hot Jupiter results appear to be nearly random. Therefore we
first ask: could either population be drawn from an isotropic
distribution on a sphere? For hot Jupiters we have only mea-
surements of �, the projected obliquity. We can therefore
compare these measurements to a distribution in � for the
isotropic case using a Kolmogorov-Smirnov (K-S) test (e.g
Press et al. 1992). For case (1) the K-S test suggests that there
is negligible probability that the � measurements of all hot-
Jupiter systems are drawn from an isotropic distribution. For
case (2) there is still only a 0.04 % probability that the results
are drawn from an isotropic distribution. However for case (3)
we find there is a 61 % chance that this distribution is consis-
tent with an isotropic distribution in �. Figure 12 shows the
cumulative distribution in � for these HJs and the expected
distribution in � for an isotropic distribution.

For the multiple planet systems we have two distinct mea-
sures of obliquity, � and i?, which cannot be translated into
each other (at least not without already assuming a distribu-
tion, see Fabrycky & Winn 2009). Therefore we use a Monte
Carlo approach instead of a K-S test. We create a distribution

of obliquities which has a uniform distribution in � (Kepler-
30, KOI-94, Kepler-25) and in cos i? (Kepler-50, Kepler-65)
to simulate a isotropic distribution in the obliquities. Form
these we draw five “measurements” which we compare to the
three measurements of � and two measurements of i?. The un-
certainties in the actual measurements are included as Gaus-
sian random numbers, every time a comparison is made. In
particular for the comparison in i? we use half-Gaussians with
peaks at 90� and standard deviations derived from the incli-
nation measurement plus the measurement uncertainty. We
repeat this experiment 5 ⇥ 107 times. Only in 0.0003% of
these experiments do we draw sufficiently low values of �,
and sufficiently high values of i?, to be compatible with the
measured �s and i?. It seems unlikely that obliquities in mul-
tiple planet systems are drawn from an isotropic distribution.
A narrow distribution centered near zero obliquity is more ap-
propriate. We will defer an analysis of which is the exact
distribution until more obliquity measurements in multiplanet
systems are available. See Fabrycky & Winn (2009) for pos-
sible approaches on how a comparison can be made. Such
an analysis would be interesting as it might shed light on the
origin of the small (6�) obliquity of the Sun.

Now combining that 1) multiplanet systems have a differ-
ent obliquity distribution than systems with single, close-in
gas giants, 2) planets in multiple planet systems presumably
trace with their orbits the plane of the circumstellar disk out
of which they formed, and 3) we are not able to detect any
other significant difference between stars which have close
in giant planets and stars which hosts multiple planets, we

Albrecht et al. 2013 
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Obliquity 
12 Albrecht et al.
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FIG. 11.— Projected obliquity (either � or i?) as a function of the relative tidal-alignment timescale, for hot-Jupiter and multiple-planet systems. The
systems are plotted as a function of a simple metric for the expected timescale for tidal dissipation within the star (see Albrecht et al. 2012c eq. 2–3). Stars which
have temperatures higher then 6250 K are shown with red filled symbols. Blue open symbols show stars with temperatures lower then 6250 K. Stars which
measured effective temperature include 6250 K in their 1-� interval are shown by split symbols. Systems for which � was measured are indicated by a circle and
refer to the left-hand axis. Measurements of i? are indicated by a square and refer to the right-hand axis. Systems which harbor multiple planets are given dark
black borders. The systems with short tidal timescales are seen to be well-aligned. All of the multiple-planet systems are well-aligned despite having weak tidal
dissipation.

multiple planet system was influenced by tides. But which hot
Jupiter systems should be included in the comparison? As we
do not have a clear cut criterion we will use three samples: (1)
All hot Jupiters; (2) all hot Jupiters with ⌧ equal or larger to
the ⌧ of the first clearly misaligned system (⌧ > 102.7); and (3)
only hot Jupiters which have timescales ⌧ equal to or larger
than the shortest ⌧ found amongst the multiple-planet systems
(⌧ = 105.8).

Comparing the distributions. — In the regime of weak tides, the
hot Jupiter results appear to be nearly random. Therefore we
first ask: could either population be drawn from an isotropic
distribution on a sphere? For hot Jupiters we have only mea-
surements of �, the projected obliquity. We can therefore
compare these measurements to a distribution in � for the
isotropic case using a Kolmogorov-Smirnov (K-S) test (e.g
Press et al. 1992). For case (1) the K-S test suggests that there
is negligible probability that the � measurements of all hot-
Jupiter systems are drawn from an isotropic distribution. For
case (2) there is still only a 0.04 % probability that the results
are drawn from an isotropic distribution. However for case (3)
we find there is a 61 % chance that this distribution is consis-
tent with an isotropic distribution in �. Figure 12 shows the
cumulative distribution in � for these HJs and the expected
distribution in � for an isotropic distribution.

For the multiple planet systems we have two distinct mea-
sures of obliquity, � and i?, which cannot be translated into
each other (at least not without already assuming a distribu-
tion, see Fabrycky & Winn 2009). Therefore we use a Monte
Carlo approach instead of a K-S test. We create a distribution

of obliquities which has a uniform distribution in � (Kepler-
30, KOI-94, Kepler-25) and in cos i? (Kepler-50, Kepler-65)
to simulate a isotropic distribution in the obliquities. Form
these we draw five “measurements” which we compare to the
three measurements of � and two measurements of i?. The un-
certainties in the actual measurements are included as Gaus-
sian random numbers, every time a comparison is made. In
particular for the comparison in i? we use half-Gaussians with
peaks at 90� and standard deviations derived from the incli-
nation measurement plus the measurement uncertainty. We
repeat this experiment 5 ⇥ 107 times. Only in 0.0003% of
these experiments do we draw sufficiently low values of �,
and sufficiently high values of i?, to be compatible with the
measured �s and i?. It seems unlikely that obliquities in mul-
tiple planet systems are drawn from an isotropic distribution.
A narrow distribution centered near zero obliquity is more ap-
propriate. We will defer an analysis of which is the exact
distribution until more obliquity measurements in multiplanet
systems are available. See Fabrycky & Winn (2009) for pos-
sible approaches on how a comparison can be made. Such
an analysis would be interesting as it might shed light on the
origin of the small (6�) obliquity of the Sun.

Now combining that 1) multiplanet systems have a differ-
ent obliquity distribution than systems with single, close-in
gas giants, 2) planets in multiple planet systems presumably
trace with their orbits the plane of the circumstellar disk out
of which they formed, and 3) we are not able to detect any
other significant difference between stars which have close
in giant planets and stars which hosts multiple planets, we

Kepler 56 

Albrecht et al. 2013 
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Galactic Archeology 

   “the study of the formation and evolution of the Milky 
Way by reconstructing its past from its current 
constituents” 

 
    important parameters: 
    - position 
    - distance 
    - velocity 
    - chemical composition 
    - age / evolutionary phase 
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red giants 

•  many 
•  intrinsically luminous 
•  present in all parts of MW 
•  “direct” probes of M and R 
     through scaling relations 

Mathur et al. 2016 

Probing the deep end of the Milky Way with Kepler 9

Figure 6. Normalized distribution of the distances in parsec for the con-
firmed red giants of our sample (solid line) compared to the distances of the
APOKASC red giants (dashed line) from Rodrigues et al. (2014).

larger expected amplitudes at a given νmax (Stello et al. 2011).
In Figure 1, we note that there are some stars with slightly
higher mode amplitude (Amax) compared to the general trend.
We looked at the masses of the low-amplitude mode stars but
did not find any systematic low-mass stars.
Given that some of these stars could belong to the halo

and are thus metal-poor stars, some of the masses derived
with the scaling relations should be taken cautiously. Indeed
Epstein et al. (2014) studied a sample of halo stars observed
by Kepler and showed that the scaling relations seem to devi-
ate. As we do not have reliable metallicity measurement for
these stars yet, we cannot take out the metal-poor stars from
the sample.
We note that there are two stars (KIC 4850755 and

6266309) with a mass below 0.4M⊙. Their parameters seem
correct although KIC 4850755 seems a little odd from the
visual inspection with a low number of modes observed
and low amplitude for the l=1 modes as reported for exam-
ple by García et al. (2014b) and theoretically explained by
Fuller et al. (2015) and Stello et al. (2016). It could also be
that scaling relations are not valid for such low-mass stars.
More stars of this type would be needed to verify the validity
of the scaling relations in this mass regime.
We also looked at differences in the mass distribution as a

function of distance (see bottom panel of Figure 9). We di-
vided the sample into stars with distances larger than 5 kpc
and stars with distances smaller than 5 kpc. The general dis-
tribution of both samples is very similar.

4.3. Possible explanations for dwarf classification
We checked the type of data and analysis that were used

in the Kepler H14 catalog, to derive the effective tempera-
ture and the surface gravity of the 854 confirmed red gi-
ants. The majority of the stars of our sample have values
obtained from the KIC. However, 24 stars have their logg
determined by Huber et al. (2014) based on photometric ob-
servations and 8 stars were characterized by the work of
Dressing & Charbonneau (2013) who analyzed optical and
near-infrared photometry from the KIC to improve the stel-
lar parameters of the cool Kepler dwarfs.
Recently, Gaidos et al. (2016) classified the cool Kepler

dwarfs. We found six stars that overlapwith our sample. They
have the flag ’PM’ for ’Possible M dwarfs’. Four of them ei-
ther a low crowding value or are possible pollution.
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Ensemble / population studies 

Simulated population 
(Miglio et al. 2009) 

T1: no recent star burst 

T2: recent star burst 

Observations (Hekker et al. 
2009) 
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Note of caution: selection effects / observational 
biases   

Selection effects: which fraction of stars are chosen to be 
observed out of the total number of stars available 

 
Observational biases: to what parameter space the 

observations are limited due to limitations of 
instrumentation / observing strategy 
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Ensemble / population studies 

Observations 

Population 
synthesis 
model 

Chaplin et al. 2011 
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α-rich young stars 

adapted from Martig et al. 2015 
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Miglio et al. 2013 
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Miglio et al. 2014 
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Plato fields 
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SUMMARY 
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Asteroseismology 

aster: star 
seismology: oscillations 

logos: reasoning 
 

Study of stellar interiors  
through the analysis of  

stellar oscillations 
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Modelling stars: main equations 
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Modelling stars: ingredients 

•  Select EOS 
•  Select nuclear reactions 
•  Select opacity tables 
•  Choose stability criterion (Ledoux or Schwarzschild) 
•  Define mixing length parameter 
•  Select appropriate composition 
•  Choose any additional mixing processes 
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Modelling stars: solar abundance problem 

Modelling stars
The solar abundance problem…
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Stellar evolution 

•  We know the main equations 
•  We know the constitutive equations 
•  We know about the mass, composition and additional 

mixing processes 
•  Now we can evolve a star…. 
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Stellar evolution 

Contraction 
heating 

Contraction 
heating 

Exhaustion of  
nuclear fuel 

Nuclear reactions 

Contraction 
heating 

Stellar evolution
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Stellar evolution 

Hekker & Christensen-Dalsgaard 2017 
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Theory of Stellar Oscillations !

Margarida S. Cunha"

Margarida S. Cunha  "
Asteroseismology and Exoplanets: Listening to the Stars and Searching for New Worlds"

Azores, 17-27 July, 2016"
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Asteroseismology How 
does it work?"

Wave: propagation of information (a perturbation) in space and time"

Wave in a supporting medium: material does not need to move from 
one point of the space to the other to propagate the information"

Margarida S. Cunha  "
Asteroseismology and Exoplanets: Listening to the Stars and Searching for New Worlds"

Azores, 17-27 July, 2016"
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Asteroseismology How 
does it work?"

Waves propagate within stars"

Wave properties (e.g. frequencies) depend on properties of the 
medium where they propagate (density, pressure, etc.)"

Properties = f (interior)"

Margarida S. Cunha  "
Asteroseismology and Exoplanets: Listening to the Stars and Searching for New Worlds"

Azores, 17-27 July, 2016"
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Asteroseismology How 
does it work?"

One mode  one piece of information"

  Average information on propagation 
cavity"

  With several modes one can hope to 
get localized information"

Margarida S. Cunha  "
Asteroseismology and Exoplanets: Listening to the Stars and Searching for New Worlds"

Azores, 17-27 July, 2016"
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Hydrodynamics"
Following the fluid - Lagrangian description"

! 

"   

! 

! v - density" - velocity"

Equation of motion (inviscid fluid)"
(conservation of linear momentum)"

! 

p - pressure"

Energy equation"
(conservation of energy)"

! 

q

! 

E

! 

"1;"3

-heat supplied /mass" -internal energy /mass"

- adiabatic exponents "

Continuity equation"
(conservation of mass)"

  

! 

"
D! v 
Dt

= #$p # "$%

! 

"2# = 4$G%

! 

" - Gravitational potential"

+ Equation of state"

Margarida S. Cunha  "
Asteroseismology and Exoplanets: Listening to the Stars and Searching for New Worlds"

Azores, 17-27 July, 2016"
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Summary of perturbed equations"

Margarida Cunha  "
Asteroseismology and Exoplanets:"
Listening to the Stars and Searching for New Worlds"

Azores, 17-27 July, 2016"

Linear adiabatic pulsation about a static, spherically symmetric equilibrium"

Variables: 4 (ρ’, p’, ϕ’, δr)"

Equations: 4"

Margarida S. Cunha  "
Asteroseismology and Exoplanets: Listening to the Stars and Searching for New Worlds"

Azores, 17-27 July, 2016"

Thus: system of equation is 
closed, so far as equilibrium 
quantities are known."

  => can solve it to get solutions 
for the 4 variables."

  

€ 

ρ'+ ∇⋅ (ρ0δ
 r ) = 0

ρ0
∂2δ
 r 

∂t 2 = −∇ ( p − ρ0∇φ'+ ( ρ ∇φ0

∇2φ'= 4πGρ'

p'+δ r ⋅ ∇p0 =
Γ1,0 p0

ρ0

(ρ'+δ r ⋅ ∇ρ0)
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Equations for the depth dependent amplitudes"
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Margarida S. Cunha  "
Asteroseismology and Exoplanets: Listening to the Stars and Searching for New Worlds"

Azores, 17-27 July, 2016"

Equations depend on l, but not on m!
=>  In a spherically symmetric star, the eigenvalues are independent of m  "

ω=ω(n,l,m)"

Note: That is not the case if the star rotates or has a magnetic field, braking the symmetry."



Saskia Hekker Asteroseismology

Graduate days Heidelberg, 2017 

l – angular degree: the number of nodes on the sphere"

Spherical Harmonics Ylm!

m  - azimuthal order: |m| =number of nodes along the equator"
                                               => orientation on the sphere"

Note: |m| ≤ l!

Margarida S. Cunha  "
Asteroseismology and Exoplanets: Listening to the Stars and Searching for New Worlds"

Azores, 17-27 July, 2016"

l=2"
m=0"

l=2"
|m|=2"

l=4"
|m|=2"

l=10"
|m|=5"

adapted from Aerts et al. 2010 " € 

kh =
l(l +1)
R
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Trapping of oscillations "

N0!

Sl!

adapted from Aerts et al. 2010 "

from Aerts et al. 2010 "

These 3 characteristic frequencies will play 
a fundamental role in deciding where 
modes propagate and where they are 
evanescent."
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Trapping of oscillations "

The case of an evolved star"

Cunha et al. 2007"

  Propagation diagram for the sun and a subgiant star!
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Why do stars oscillate? 

•  convective outer layers in which stochastic excitation of 
oscillations takes place 

•  some outer layers act as a heat engine: 
    partial ionisation zones absorb and accumulate 
    energy generated in the stellar interior 
    (opacity mechanism) 
•  forced oscillations may occur due to tidal effects 
    in close binaries 
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Oscillating stars: rapidly oscillating Ap stars 
Excitation mechanism: 
κ mechanism 
 
Restoring force: pressure 
 
Typical periods: 5-20 mins 
 
Evolutionary phase: MS 
 
Mass range: 1.5-2.0 MSun 
 
Highly magnetic stars 
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Important “timescales” 

•  Frequency resolution in the Fourier power power spectrum 
is reciprocal of total timespan T of timeseries:  

 

-  Nyquist frequency: highest frequency at which one can 
reliably obtain results depends on the time sampling δt: 

δν =
1
T

νNyq =
1
2δt
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Mode identification through line profile variations 
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Solar-like oscillations 

large frequency separation 

small 
frequency 
separation 

νmax 

Hekker & Mazumdar 2014 
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Red giant 

Hekker & Mazumdar 2014 
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Period spacing 

Bedding.. Hekker et al. 2011, Nature 
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Rotation in red giants 

Beck et al. 2011, Nature 
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Suppressed dipole modes 

Stello et al. 2016 
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Testing scaling relations 

Themeßl et al. in prep. 

Fig. 1: Over a time span of 150 days the lightcurve of KIC 8410637 shows two eclipses. 
The inset reveals the brightness variations that occur due to pulsations. 

Fig. 4: Global oscillation parameters of KIC 8410637 derived from different studies (top 
left). The resulting mass and radius estimates based on the asteroseimic scaling relations 
and the binary orbit analysis (bottom left). A comparison between the mean density and 
gravity measurements (bottom right). 

Fig. 2: Power density spectrum of KIC 8410637 (top) including background components 
(in blue) and the best fit (in red). After removing the background, only the oscillations are 
left in the spectrum (bottom). The Gaussian fit (multiplied by a factor) is shown in red. 

Peakbagging of red-giant stars in binary systems 
 

N. Themeßl,1,2,3 S. Hekker,1,3 J. Southworth,4 et al. 
 

1 MPS Göttingen, DE, email: themessl@mps.mpg.de | 2 Georg-August-Universität Göttingen, DE  | 3 SAC Aarhus, DK | 4 Keele University, Staffordshire, UK 
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Red giants in eclipsing binary systems are ideal candidates for testing stellar 
structure and evolution. Based on four years of Kepler observations we 
studied the oscillation spectra of three red giants that belong to eclipsing 
binary systems. We determined individual frequencies of oscillation modes 
that contain valuable information about the stellar properties and provide 
essential constraints for detailed stellar modelling.  

Introduction 

Granulation background model 

A number of eclipsing binary systems with a red-giant component were found 
in Kepler data [2]. Pulsating red giants exhibit solar-like oscillations that are 
stochastically driven by the turbulence in the outer convection zone. Their 
oscillation spectrum consists of several overtones of radial order (n) and 
spherical degree (ℓ ≤ 3) modes. 

The power excess is the most distinct feature in the power density spectrum 
of a red giant (e.g. at ~45 µHz in Fig. 2). The oscillation modes are 
superimposed on a background that we model with a white noise component 
and two granulation background components.  To fit the model to the data we 
use a Markov Chain Monte Carlo method. After removing the background we 
fit a Gaussian to the power excess. The center of this Gaussian is known as 
the frequency of maximum oscillation power νmax.  

Data 
Eclipsing binary systems are characterized by dips in the photometric 
timeseries (Fig. 1). These are caused by the two components eclipsing one 
another. The original Kepler timeseries of KIC 8410637 span 1460 days of 
nearly continuous observations with one measurement every ~29.4 minutes. 
In total, the lightcurve shows 4 primary and 4 secondary eclipses. For the 
asteroseismic analysis all long-term trends, drifts, outliers, jumps and eclipses 
were removed [4]. 

The oscillation modes are visible as peaks in the power density spectrum. 
They follow a well-defined pattern which comprises modes of different 
spherical degree. To extract the frequencies, we fit a sequence of Lorentzian 
profiles to the spectrum (Fig. 3). The spacing between modes of the same 
spherical degree and consecutive order is the so-called large frequency 
separation Δν. The small frequency separation δ01 is the offset from the 
midpoint between consecutive ℓ=0 modes.  

Peakbagging 

Fig. 3: Oscillation region of KIC 8410637 (top) and one mode triplet between 38 and 43 
µHz with residuals (bottom). The best fit to the modes is shown in red.  
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The system KIC 8410637 has been well studied. While the global oscillation 
parameters are in agreement between the different analyses, the resulting 
masses, radii and mean densities are more scattered with a trend visible (Fig. 
4). Most notably, the asteroseismically determined gravities seem to be in 
good agreement with the gravity estimate from the binary orbit analysis. 

Discussion 

δν01 

Binary orbit 
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Scaling relations 

Fig. 1: Over a time span of 150 days the lightcurve of KIC 8410637 shows two eclipses. 
The inset reveals the brightness variations that occur due to pulsations. 

Fig. 4: Global oscillation parameters of KIC 8410637 derived from different studies (top 
left). The resulting mass and radius estimates based on the asteroseimic scaling relations 
and the binary orbit analysis (bottom left). A comparison between the mean density and 
gravity measurements (bottom right). 

Fig. 2: Power density spectrum of KIC 8410637 (top) including background components 
(in blue) and the best fit (in red). After removing the background, only the oscillations are 
left in the spectrum (bottom). The Gaussian fit (multiplied by a factor) is shown in red. 
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Red giants in eclipsing binary systems are ideal candidates for testing stellar 
structure and evolution. Based on four years of Kepler observations we 
studied the oscillation spectra of three red giants that belong to eclipsing 
binary systems. We determined individual frequencies of oscillation modes 
that contain valuable information about the stellar properties and provide 
essential constraints for detailed stellar modelling.  

Introduction 

Granulation background model 

A number of eclipsing binary systems with a red-giant component were found 
in Kepler data [2]. Pulsating red giants exhibit solar-like oscillations that are 
stochastically driven by the turbulence in the outer convection zone. Their 
oscillation spectrum consists of several overtones of radial order (n) and 
spherical degree (ℓ ≤ 3) modes. 

The power excess is the most distinct feature in the power density spectrum 
of a red giant (e.g. at ~45 µHz in Fig. 2). The oscillation modes are 
superimposed on a background that we model with a white noise component 
and two granulation background components.  To fit the model to the data we 
use a Markov Chain Monte Carlo method. After removing the background we 
fit a Gaussian to the power excess. The center of this Gaussian is known as 
the frequency of maximum oscillation power νmax.  

Data 
Eclipsing binary systems are characterized by dips in the photometric 
timeseries (Fig. 1). These are caused by the two components eclipsing one 
another. The original Kepler timeseries of KIC 8410637 span 1460 days of 
nearly continuous observations with one measurement every ~29.4 minutes. 
In total, the lightcurve shows 4 primary and 4 secondary eclipses. For the 
asteroseismic analysis all long-term trends, drifts, outliers, jumps and eclipses 
were removed [4]. 

The oscillation modes are visible as peaks in the power density spectrum. 
They follow a well-defined pattern which comprises modes of different 
spherical degree. To extract the frequencies, we fit a sequence of Lorentzian 
profiles to the spectrum (Fig. 3). The spacing between modes of the same 
spherical degree and consecutive order is the so-called large frequency 
separation Δν. The small frequency separation δ01 is the offset from the 
midpoint between consecutive ℓ=0 modes.  

Peakbagging 

Fig. 3: Oscillation region of KIC 8410637 (top) and one mode triplet between 38 and 43 
µHz with residuals (bottom). The best fit to the modes is shown in red.  
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Table 5. The best two-parameter combinations of observ-
ables for constraining stellar age. Below the dividing hori-
zontal line we include the best spectroscopic pair for com-
parison as well as log g – h�⌫

0

i to highlight the necessity of
the small frequency separation in determining stellar ages.
The BA1 grid is varied in six dimensions and with such a
high-dimensional parameter space the quantities in the C-D
diagram (fifth row) constrain age with ‘typical’ uncertainty
of 701 Myr.

Parameters Ve µ(✏) [Gyr]

hr
02

i ⌫
max

0.844 0.642

hr
02

i log g 0.833 0.683

hr
13

i ⌫
max

0.827 0.711

hr
02

i h�⌫
0

i 0.825 0.694

h�⌫
0

i h�⌫
02

i 0.824 0.701

hr
02

i h�⌫
02

i 0.821 0.701

PC
2

PC
8

0.788 0.767

PC
2

PC
4

0.776 0.762

log g h�⌫
0

i 0.481 1.29

log g T
e↵

0.321 1.53

5.1. Ages

The current exercise allows us to evaluate the theoret-
ical limit in which parameter pairs, such as those used
in the C-D diagram, can constrain stellar ages. Recall
that there are six initial model parameters varied simul-
taneously in the BA1 grid. Describing a six dimensional
parameter space with two quantities invariably leads to
degenerate solutions for age and necessarily high un-
certainties. The parameter pairs that o↵er similarly the
best constraints on ⌧ are listed in Table 5. The combina-
tion of hr02i and ⌫max marginally provide the best probe,
explaining the largest fraction of the variance and infer-
ring ages with uncertainty µ(✏) = ±642 Myr. This is in
comparison to µ(✏) = ±701 Myr for h�⌫0i and h�⌫02i as
per the C-D diagram. In Table 5 we also include results
from regression calculated with the PCs and find they
perform comparably well. The results here omit any
uncertainty stemming from the surface e↵ect suggesting
that the hr02i and ⌫max pair are indeed the preferable
choice.
It is clear from Tables 4 and 5 how important the

small frequency separation and frequency ratios are for
the determination of stellar ages on the MS. If we limit
the combinations to the classical observables, we find
that log g and Te↵ can explain just 32.1% of the vari-
ance in ⌧ with uncertainty µ(✏) = ±1.5 Gyr across the
whole grid. The introduction of the large separation of-
fers little improvement. The parameter pair log g and
h�⌫0i explain 48.1% of the variance with µ(✏) = ±1.29
Gyr. If we permit the RF to draw upon five observables
for its regression model, some of the degeneracy in ⌧ is
lifted. The last column in Table 4 indicates that the RF

can reduce the average uncertainty in predicting ⌧ such
that µ(✏) = ±282 Myr.

5.2. Abundances

Figure 5. Distributions of Y
surf

and Y
0

in the BA1 grid.

The small frequency separations and separation ra-
tios are integral for the determination of ages. However,
the feature importances in BA1 (their Figure 5) indicate
that the RF relies predominately on Te↵ and [Fe/H] to
infer other model parameters. Table 4 confirms how
important measuring [Fe/H] is for characterizing stars.
This quantity is preferentially selected in the many RFs
and their regression models, whilst [Fe/H] itself cannot
be determined from the other observables with any de-
gree of confidence. [Fe/H] is an indispensable piece of
independent information.
Accurate determination of [Fe/H] is paramount for in-

ferring many of the current-age stellar attributes. [Fe/H]
also features prominently in the retrodiction of the ini-
tial model parameters but these quantities are charac-
terized by large uncertainties. Foremost, we have no
observable that satisfactorily constrains di↵usion – D

demonstrates an average uncertainty spanning three or-
ders of magnitude. This in turn introduces uncertainty
in retrodicting the initial metal content.
Predictions for Z0 at first glace appear to be robust;

we report V

e

and µ(✏) = ±0.001. However we contend
that a reported error of µ(✏) = ±0.001 is not all that
insightful given that the grid is sampled down to Z0 =
10�5. Z0 is sampled logarithmically and takes a small
(linear) range in values. In such cases a relative error is
a more useful measure of performance than an absolute
di↵erence.
In Table 6 we devise a series of measures that bet-

ter appraise the performance of the RF in predicting
abundances. We report the average absolute di↵erence
as per Table 4 [µ(✏)], the maximum absolute di↵erence

Angelou et al. (2017) 
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Galactic Archeology 

   “the study of the formation and evolution of the Milky 
Way by reconstructing its past from its current 
constituents” 

 
    important parameters: 
    - position 
    - distance 
    - velocity 
    - chemical composition 
    - age / evolutionary phase 
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